
 

1 a Define p x is 1 and q x n

Then
p and 9

Note that PT o and q 0

Also for r x 2 322 F
So r is orthogonal to both p and q

b Let p E E and 9 0 Since p is even

p 1 p i so

x ̅ Eli
Moreover because q is odd q o q o so

9 o 0 and q 1 9 i

Hence

a it
Therefore ptg p i q i p i g i o

We conclude that E and O are orthogonal

c By b O S E It remains to be shown that

E O which can be done in different ways
For example let pe E Then p is orthogonal to

all polynomials in E in particular to m E E



and IEE Write p x pot pint pen with

Po Pi P2 EIR and note that the latter implies that

c
and

Po
Potpitpe 1

Po pitp
0

I

Hence 2 Potp o and 3Po 282 0

Po o and thus also pz 0

So p is of the form p x Pix which is

indeed odd Et s O and thus O Et



4 a

AA

Now compute the eigenvalues of ATA

det
8

x 8 1 5 1 4 0

72 13 36 0 7 9 7 4 o

7 9 and 72 4

We conclude that the singular values of A are

0 3 and 02 2

Hence Σ is of the form

s



Next we compute a V

829 5g o ay n o and

22 4y 0 n 24
Therefore choose

v

so that I vill 1

Moreover

o t

2 5 T to intzy o

and 2k y 0 y 22

So pick

V2 2

Hence V



Now u Av to

To E

Also us to Ave to 12

Finally we compute us which has to be of norm 1
and orthogonal to both u and uz

Write us then 2y 42 0 and

5 R t 44 22 0

So us is of the form

us 2 We take us so that

1 4311 1 Therefore

To 0

U



A singular value decomposition of A is then

A UE VT i.e

To
1 11 I c

b d A Mi 02 2 and a best rank 1

approximation is

f II a

i


